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Abstract—This paper gives the analysis of defocused and blurred 
images using different algorithms. The restoration was carried 
out by simulating the real images in the program package 
MATLAB. The analysis also includes the existence of the real 
noise in digital images generated during the creation, 
transmission or processing of the images, which gives particular 
weight to this paper because it simulates real situations. All used 
simulations were performed through the frequency and spatial 
(matrix) domain. To measure the quality of the image we have 
been using entropy analysis of an image and measure of the level 
of details for the compression in the discrete cosine transform. 
The results can be used to improve image quality, but also as a 
basis for further consideration. 
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I.  INTRODUCTION 
Nowadays, according to theoretical and practical point of 

view, restoration of damaged images is one of the most 
important and most interesting area of Digital Image 
Processing (DIP). The restoration of digital images can be 
considered through several aspects: 

• reconstruction of low-resolution images, 
• reconstruction of old images, 
• reconstruction of defocused images, 
• reconstruction of blurred images. 

 

In many situations, it is desirable to get the improved image 
from a defocused or blurred image. Best examples can be 
found at images from camera made with wrong focus, or 
blurred due to shooting in motion or at motion. Partial image 
restoration is possible with various filters such as Unsharp 
filter, Wiener filter, Tikhonov filtration, etc. According to 
applied algorithm some filters do not support whole image 
restoration. In these cases restoration is only possible for some 
areas of image - such as edges. Due to these limitations edge 

restoration is equal to the radius of image blurring. In other 
words, it is very important that the number of pixels during the 
reconstruction processes and after them, maintain the same 
numerical level. 

This can be practically demonstrated with the example of 
one-dimensional images (images with only one channel, such 
us black and white or grayscale images). If we randomly 
selected pixels in a row (or column), x1, x2, x3, x4 from the 
original image [1], after the blurring process, each pixel value 
will increase with value of the next pixel value divided by 2: 
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Now pixels’ value after the blurring are: 

1 0 2 1 3 2 4 3x x ,x x ,x x ,x x+ + + + .                 (2) 
 

In this case, after the reconstruction, all 2n-1 pixels are 
added with initial determined pixel value, and on the other 
side 2n pixel will be deducted. The equation of reconstructed 
images becomes: 

1 0 2 0 3 0 4 0x x ,x x ,x x ,x x ...+ − + −                (3)               
 

The result of this process is the image where every pixel is 
added/subtracted with unknown constant x0, respectively. The 
described situation does not take into account the impact of 
noise accumulation in the image. Depending on the type and 
origin of the noise reconstruction results can be almost 
unacceptable.   

Central problems in DIP are the optimization and 
compression. Numerous research papers deal with efficient 
compression for certain areas of the image, when it is necessary 
to emphasize particular part of the image. This paper describes 
the opposite process, the process from blurred and defocused 
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images with the help of inverse function and deconvolutions 
algorithms applied to images with clearly defined edges. 

II. THEORETICAL FRAMEWORK 

A. Blurring function 
Central part of this reconstruction is done by Matlab 

software package as a standard program for digital signal 
processing. Based on paper [2], and Fig. 1 graphically was 
introduced the process of blurring functions Point Spread 
Function (PSF). This function has a main purpose in the 
absorption of the side effects in the process of creating an 
image, as well as the partial elimination of compression errors 
(different types of noises – Gaussian, salt & pepper, Poisson, 
etc.). 

 
Figure 1.  PSF in Gaussian function: fspecial('gaussian', 35, 10) 

For that purposes in this paper, inverse function of blur 
will be used inverse for pulling the useful information from 
the defocused image. PSF is aimed at “spreading” the desired 
areas of the image with the help of Gaussian functions. 
Software implementation shown as: 
sigma = 2; 
X = -10:10; 
Gaus = 1/(sqrt(2*pi)*sigma)*exp(-0.5*X.^2/(sigma^2)); 

 
Figure 2.  PSF in blur function: fspecial('motion', 35, 50) 

Applying one blurring function to another function is called 
convolution function. The graphic representation of 
convolution function is presented at Fig. 2. In this way, some 
image areas under the convolution functions become blurred 
image areas. Mathematically, if some image f (with dimensions 
mxn), h blurs function with same dimensions (mxn), then 
applies: 

a b

i a j b

g(x, y) h(x, y) f(x, y) h(i, j) f(x i, y j)
=− =−

= ∗ = + +∑ ∑ ,    (4) 

where is: 
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= .                        (5) 

These and similar methods represent the core of the image 
compression. The reason for this is the fact that the large image 
areas are covered with fewer pixels with characteristic values, 
thus, the image takes less storage space. The inverse process to 
convolution function (deconvolution) is very rarely used.  

B. Noise 
There are many reasons why the damages are occurring in 

the digital image. The main reasons for damaging an image 
are thermal vibrations (Brownian motion), the different types 
of optics, ISO value, types of optical sensors, the value of the 
magnetic field, temperature, etc. [3]. In the most real situation 
Gaussian noise is the central problem. There are no rules for 
Gaussian noise dispersion on the image; thus, from channels 
(R, G, B) we have three completely different functions of 
noise distribution. If this is taken into consideration, than the 
only way to describe noise is through random distribution 
function. This fact represents the main problem for modern 
algorithms dealing with the noise elimination. All these facts 
are taken as a basis during the analysis required for this 
research. 

C. Convolution theory 
This research uses only convolution methods which takes 

into account the impurities of the image. Equation (6) give us 
large sum h(x,y) and f(x,y) due to high complicity of 
calculations for a computer. In that case Fourier transform [4] 
was used, in which convolution operation in the spatial domain 
is equivalent to multiplication in the frequency domain 
(multiplied element-by-element). The operation opposite to the 
convolution is the equivalent to splitting in the frequency 
domain, and is expressed as follows: 

h(x, y)* f(x, y) H(u,v)F(u,v)⇔ .                (6) 

Where H(u, v) and F(u, v) represents the Fourier functions 
for h(x, y) and f(x, y). Thus, the process of blurring can be 
written in the frequency domain as: 

G(u,v) H(u,v)F(u,v) N(u,v)= + .                (7) 

where N(u, v) represents a function of the added noise. 
However, the specific character of these functions can be 
observed during the implementation of the Tikhonov 
regularization. 

D. The inverse filter 
If the equation (7) divided by H(u, v), we get the following 

equation from the original image [5]: 

N(u,v)F̂(u,v) F(u,v)
H(u,v)

= + .                         (8) 
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On the other hand, the function of the inverse filter F̂(u,v)  
can be treated as: 

=
G(u,v)F̂(u,v)
H(u,v)

                                 (9) 

This inverse filter is the core algorithms such as Lucy-
Richardson and Blind deconvolution. 

III. METHODOLOGY 
This paper used the image of a square resolution (512x512 

pixels), with 96 dots per inch and 24 bit color depth (8 per 
channel). Image format is RGB. All applied process is 
performed separately for each channel. Due to their 
comprehensiveness all shown results are for two analysed 
images. Two blurry and defocused images are shown in Fig. 3. 

According all above defocused image can be described by 
the function: 

g(x, y) h(x, y)* f(x, y) n(x, y)= + .                   (10) 

where is:  

• f(x, y) – original image, 
• h(x, y) – blur function, 
• n(x, y) – function of the added noise, 
• g(x, y) – reconstructed image. 

 

The main task of blurred and defocused image restoration is 
to find the value of function f’(x,y) of approximate value of 
image that is not blurred. Some of the examples require finding 
the values of the images that are not blurred, as shown in this 
analysis. Due to the fact that original defocused image does not 
exists, analysis of calculated results was done by visual 
perception of quality and parameters for grading the quality of 
Entropy and Level of Details. 

a)  b)  
Figure 3.  Original images (defocused and blured images), a) Far Cry, b) 

FTN  

The function h(x, y) gives the significance for the entire 
process, because from the blurred images with visually 
unrecognizable objects provides a visually identifiable objects 
for further analysis, and the useful image as well. After the 
adding h(x, y) to the functions of added noise n(x, y) image is 
ready for analysis. All images used in this analysis are in TIFF 
image format. This kind of format keeps the image without 
compression; this helps eliminating the side effects of the 

compression, and the influence of compression on the final 
result. Taking into account all the facts, analysis was performed 
according to the function of the random distribution for added 
noise per each channel individually. The main reason for that is 
possibility to control function via the noise dispersion 
parameter. After this process, some pixels become “wider” 
thanks to blurred function or PSF. The size of a blur function is 
smaller than the function on which it has an influence. The 
reason for this we can find in pixel value which consists of the 
sum/difference of two neighbouring pixels. Because of that all 
the obtained images are subject to impact of deconvolution 
algorithm and inverse filter. 

IV. RESULTS AND ANALYSIS 
The approach for reconstruction and filter selection for 

noise elimination depends on applied formula for frequency or 
spatial domain. At first step analysis was done through filter 
for noise elimination. With this step we eliminated the 
possibility of noise accumulation for the next step. The filter 
that gives the best results in this area of DIP, especially for 
Gaussian noise is the Wiener filter [6]. The analysis of this 
filter is performed in the frequency domain based on the 
equation (11): 

2

2

1

f

| H(u,v)|F̂(u,v) G(u,v)
S (u,v)H(u,v) | H(u,v)|
S (u,v)
η

⎛ ⎞
⎜ ⎟
⎜ ⎟= ⎜ ⎟

+⎜ ⎟⎜ ⎟
⎝ ⎠

.        (11) 

After the analysis of defocused images (shown on Fig. 3) 
by using Wiener filter, the reconstructed images are obtained 
(Fig. 4). Numerical result of entropy and the level of detail 
presented in the Table 1. 

 

a)  b)  
Figure 4.  Reconstruction by the Wiener filter  

Another defocusing reconstruction model “Constrained 
Least Squares Filtering” is also known as “Tikhonov filtration” 
or “Tikhonov regularization” [7] in DIP literature. It is based 
on the spatial (matrix) analysis, and reconstruction is 
performed for all three channels individually according to the 
following equation: 

2

2 2

*H (u,v)F̂(u,v) G(u,v)
| H(u,v) | y | P(u,v) |
⎛ ⎞

= ⎜ ⎟+⎝ ⎠
.             (12) 

Where the y is the regulation parameter, and the P (u, v) is 
Fourier function for the Laplace operator in the 3x3 matrix. 
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Based on all previous research papers in the field of DIP, on 
the spatial domain, Laplace operator gives enviable good 
results in the process of elimination of accumulation noises, 
because of that it represents the best choice for this purpose. 
Filtering matrix 3x3 represents matrix with lowest order and 
the smallest degree of an error - that was the main reason for 
using it in the analysis. Reconstruction results after the process 
with Tikhonov regularization are shown at Fig. 5. 

a)  b)  
Figure 5.  Tikhonov regularization   

The third reconstruction is performed with the help of 
Lucy-Richardson algorithm (shown in Fig. 6), based on the 
implementation of nonlinear function [8]. Method of maximum 
value in the frequency domain is used for elimination of the 
Poisson noise. It is very important to say that Fourier 
transformation is not used in this algorithm. Realization model 
is performed according to following equation: 

1+

⎡ ⎤
= − −⎢ ⎥

⎢ ⎥⎣ ⎦
k k

k

g( u,v )ˆ ˆf ( u,v ) f ( u,v ) h( u, v )* ˆh( u,v )* f ( u,v )
.     (13) 

The symbol “*” in the equation above expresses the 
convolution function. 

a)  b)  
Figure 6.  Lucy-Richardson filter    

The next image reconstruction was performed with the help 
of blind deconvolution methods [9]. This type of reconstruction 
uses PSF as a core for this algorithm, because of that blind 
deconvolution is different from others algorithms [10]. 
According to all above, the quality of the output image depends 
on PSF definition. Different set of tools for PSF should be 
repeated until the output image does not have desirable quality. 
Deconvolution function returns the reconstructed PSF function 
in matrix form, as shown in Figure 7. Similar as Lucy-
Richardson algorithm, blind deconvolutions gives high quality 
results in the reconstructed image with Poisson noise. 

a)  b)  
Figure 7.  Blind deconvolution     
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|Y |ˆ| K | max ,                        (14) 

In all equations, u and v represent the position of the 
observed pixel in the image. Also, it is important to say, that 
the each equation, deals with all three channels separately 
according to following equation: 

I = im2double(imread('Far Cry.tiff')); 
[u,v,j]=size(I); 

The entire algorithm is separately calculated for j = 1 (R 
channel), j = 2 (G channel) and j = 3 (B channel). 

Increasing in LoD value is expected for all processed 
images. The values of the LOD for Discrete Cosine Transform 
(DCT) can be viewed through the prism of increasing the 
degree of pixel values variation in the image. This degree of 
variation can be presented through increasing the level of noise 
in the images, or in another way through increasing variation 
real (“desirable”) pixels value. Specifically, this shows that 
defocused images do not have harsh crossings of pixel values. 
The best proof for assumption like this is the lowest value level 
for LoD for DCT. According to all above, Tikhonov 
regularization gives significantly better result over the observed 
images in comparison to other algorithms. All obtained results 
are not sufficiently reliable for determination of the image 
quality, because of that it is necessary to calculate another 
parameter for better understanding of the image quality. 
Entropy as a potential measure of image quality gives a 
significant contribution to assessment of an image as a single 
signal. 

TABLE I.  VALUE OF LOD FOR ORIGINAL AND RECONSTRUCTED IMAGES 

LoD (DCT) Far Cry FTN 

Blurred 0.2673 0.146 

Wiener filter 1.8683 0.5452 

Tikhonov regularization 1.4075 1.1497 

Lucy-Richardson filter 1.1336 0.7643 

Blind deconvolution 1.1367 0.7678 

 
Table 1. represents the value of LoD and entropy for the 

original images and all obtained images. According to all 
numerical results from Table it can be concluded that in all 
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tested algorithms is evident drastic increase in the LoD. The 
degree of LoD increasing going from 4x for the Wiener filter to 
7x for Tikhonov regularization. According to all above 
Tikhonov regularization gives high quality results in 
comparison to all other algorithms. 

Based on Entropy as a measure of the image potential, the 
Tikhonov regularization algorithm gives the best results. All 
processed images “have” higher entropy level after the 
reconstruction. Based on these facts, conclusion is that all the 
resulting images are better for further processing, if necessary. 

TABLE II.  LEVEL OF ENTROPY FOR ORIGINAL AND 
RECONSTRUCTED IMAGES 

Entropija [bit] Far Cry FTN 

Blurred 7.5869 3.8646 

Wiener filter 7.7518 4.4411 

Tikhonov regularization 7.801 4.5834 

Lucy-Richardson filter 7.7595 4.5754 

Blind deconvolution 7.7593 4.5732 

 
Table 2 shows the results for entropy of original images and 

for all images after reconstructions. Numerical data shows that 
all images kept almost identical value of entropy after the 
reconstructions. This is good information, because if the visual 
quality is not at the desirable level for the user it can be 
subjected for some other algorithms to achieve better quality. 

V. CONCLUSION 
This paper gives analyses of different types of algorithms 

used for processing of defocused and blurred images with 
different levels of details. The analysis was done in a 
frequency and spatial domain and filters of different kind was 
used to eliminate the accumulation of noise. An analysis 
included the existence of the real noise, which occurs during 
the creation, transmission or the treatment of the image. From 
the obtained results, visual and numeric one, it can be 
concluded that the analyses done in spatial domain gives better 
results than the analyses done in frequency domain. The thesis 
that the image should be observed through the dimension of 
pixel as the basic unit of digital image goes in favour to 
previous conclusion.  

Complete analyses of Entropy showed that the best results 
in reconstruction of defocused images were obtained using the 
Tikhon’s regularization algorithm. It was observed that all 
analysed images reflected high level of entropy after the 
treatment. On the other side, images with low level of 
potential were increasing 3.5 times, which is a positive 
feature. From the obtained results for the parameter LoD         
( DCT) it can be conclude that the images with non-adequate 

visual quality, Tikhonov’s regularization algorithm is the most 
suitable for reconstruction.  

Making a linkage of the obtained results and works such as 
[11] and combinations with different algorithms it is possible 
to extract useful information from the totally unusable images. 
Thereby, devices that perform conversion of light into 
electrical signals (cameras) gain a lot greater possibilities.  
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